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Abstract
We compute the K- and KO-theory for the classifying G-spaces EG for proper ac-
tions of certain infinite discrete groups G via a special version of the equivariant Atiyah-
Hirzebruch spectral sequence.
Introduction
The classifying space EG of proper actions of a given discrete group contains in general more
information than the classical classifying space EG. It is a G-CW complex whose isotropy
groups are finite subgroups of G and such that the fixed point set of finite subgroups of
G are weakly contractible spaces. The equivariant K- and KO-theory of these classifying
spaces were first studied by Lück and Oliver [9] and they are closely related to the Baum-
Connes Conjecture [2]. In this paper we compute K∗G(EG) and KO
∗
G(EG) whenever G is an
amalgamated product of finite cyclic groups or certain Coxeter groups, see Theorems 2.2, 2.6,
2.7 and 2.13 for the precise statements.
To this end, we first describe in Section 1 a particular version of the equivariant Atiyah-
Hirzebruch spectral sequence based in a special Bredon cohomology introduced in [9]. Then,
for each one of the studied groups, we present suitable models for their classifying spaces
which let us compute this particular Bredon cohomology and, at the end, let us finish by
using the convergence property of the spectral sequence.
The results in this paper are by no means exhaustive and just illustrate how the used
method may serve as an algorithm for similar computations. However, the examples studied
are of interest: the family of amalgamated product of finite cyclic groups contains some
classical groups as the infinite dihedral groupD∞ ∼= Z2∗Z2, the special linear group SL2(Z) ∼=
Z6∗Z2Z4 and the projective special linear group PSL2(Z) ∼= Z3∗Z2. For the Coxeter groups [4],
the interesting case is when they are infinite: some properties (related with the Baum-Connes
Conjecture) of such groups have been studied (for example, see [14] and [15]). Although a
general method for computing K∗G(EG) and KO
∗
G(EG) for G a Coxeter group is provided,
only a few infinite Coxeter groups present such a simple model that we are able to perform
calculations in practice.
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1 Preliminaries and the equivariant Atiyah-Hirzebruch spec-
tral sequence
Throughout this text G is a discrete group. Here, we briefly recall the main facts about
equivariant K-theory for finite proper G-CW-complexes developed in [9].
A G-space X is a G-CW-complex if there is a filtration ∅ = X−1 ⊂ X0 ⊂ . . . ⊂ Xn ⊂ . . .
such that X is the weak union of the spaces Xn and each Xn is obtained from Xn−1 by
attaching some orbits of cells. That is, there is a set Jn = {Hj ≤ G}j∈Jn of subgroups and
maps qj : G/Hj × Sn−1 → Xn−1 such that
⊔
j∈Jn G/Hj × S
n−1 Xn−1
⊔
j∈Jn G/Hj ×D
n Xn
⊔
j∈Jn
qj
⊔
j∈Jn
Qj
is a pushout square. If A ⊂ X is a G-invariant subcomplex, then (X,A) is a G-CW-pair. A
G-CW-complex is finite if it has finitely many orbits of cells and it is proper if its isotropy
groups are finite.
A G-vector bundle over a a G-CW-complex X is a complex vector bundle p : E → X where
the total space E is a G-space, p is G-equivariant and each g ∈ G acts as a bundle isomorphism
on E. If the space X is a point, a G-vector bundle over X is just a linear representation of
the group G.
The equivariant K-theory of X is defined as follows: KG(X) = K0G(X) is the Grothendieck
group of the monoid of isomorphism classes of G-vector bundles over X. If n > 0,
K−nG (X) = ker(K
0
G(X × S
n) incl
∗
−−−→ K0G(X))
where the G-action on Sn is considered to be trivial. For (X,A) a proper G-CW-pair,
K−nG (X,A) = ker(K
−n
G (X ∪A X)
i∗2−→ K−nG (X)).
In positive degree, the equivariant K-theory is defined using Bott periodicity. If G = {e},
then K∗G = K
∗ is the ordinary non-equivariant K-theory.
Theorem 3.2 of [9] asserts thatK∗G is an equivariant cohomology theory: it is aG-homotopy
invariant contravariant functor, from the category of finite proper G-CW-complexes to the
category of graded abelian groups satisfying Mayer-Vietoris, excision, exactness and moreover,
it also satisfies Bott periodicity of order 2, i.e. K−nG (X,A)
∼= K−n−2G (X,A).
For H < G a finite subgroup, we have a natural isomorphism K0G(G/H) ∼= R(H), where
R(H) is the (complex) representation ring of the group H and K1G(G/H) = 0.
All of the above can be redone using real (instead of complex) G-vector bundles to ob-
tain KO∗G, the real equivariant K-theory. In the real case, Bott periodicity is of order 8,
KOnG(X) ∼= KO
n−8
G (X), and for any finite subgroup H < G, KO
∗
G(G/H) ∼= KO
∗
H(pt). In
particular, KO0G(G/H) ∼= RO(H), where RO(H) = RR(H) is the representation ring over R.
We now recall the particular Bredon cohomology introduced in [9, Sec. 2]. Let F be the
a family of subgroups of G (throughout this text, F will be the family of finite subgroups of
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G) and let M be a contravariant functor from the orbit category OrF (G) to abelian groups.
For a given G-CW-complex X, the Bredon cohomology of X with coefficients in M is defined
as the homology of the cochain complex
0→ HomOrF (G)(C0(X),M)
δ
−→ HomOrF (G)(C1(X),M)
δ
−→ HomOrF (G)(C2(X),M) → · · ·
where Cn(X) assigns to each orbit G/H the free abelian group with one generator for each
n-cell in XH and the morphism δ is the composition with the boundary map. If F is the
family of finite subgroups, each group HomOrF (G)(Cn(X),M) can be proved to be isomorphic
to
⊕
j∈Jn M(G/Hj), see again Section 2 of [9]. Under these isomorphisms, the coboundary
becomes
δ :
⊕
j∈Jn
M(G/Hj)→
⊕
k∈Jn+1
M(G/Hk). (1.0.1)
We give now an explicit expression of this map in terms of the cellular structure of X.
For it, M is going to be assumed invariant under conjugations, i.e., if f : G/H → G/(g−1Hg)
is a map in the orbit category induced by conjugation, then M(f) is an isomorphism. Note
that, in particular, the functors K∗G and KO
∗
G have this property.
For each j ∈ Jn and each λj ∈M(G/Hj) write δ(λj) = (δk(λj))k∈Jn+1 .
On the other hand, consider the cellular cochain complex of the CW-complex X/G whose
coboundary map in degree n,
∂ :
⊕
k∈Jn+1
Z→
⊕
j∈Jn
Z
is given by a matrix A = (αj,k) with integer entries. Then, observe that given k ∈ Jn+1,
δk(λj) = 0 if αj,k = 0; otherwise, the orbit n-cells G/Hj×Dn would lie in the boundary of the
orbit of n+ 1 cells G/Hk ×Dn+1. This geometric fact imposes a restriction in the subgroups
Hk and Hj: there exists g ∈ G such that g−1Hkg ⊂ Hj. We use the notation Hk ≺ Hj to
indicate this fact which, in turn, defines a map in the orbit category fk,j : G/Hk → G/Hj
depending only on the element g of the conjugation. Then, M(fk,j) : M(G/Hj)→M(G/Hk)
is a well-defined (up to isomorphism) map and the k-component of the map δ, with Hk ≺ Hj,
is given by:
δk(λj) = αj,kM(fk,j)(λj).
Finally, we present a version of the equivariant Atiyah-Hirzebruch spectral sequence whose
E2-term is the particular Bredon cohomology recalled in the previous section. Although this
result can be thought as a particular instance of [5, Thm. 4.7(2)] we include a proof in this
special case. For it we follow the classical non-equivariant case [1] overcoming the arising
technical difficulties. For instance, quotients of subspaces are heavily used on the original
setting but notice that a quotient of a proper finite G-CW-complex (in particular, cones and
suspensions) are no longer proper in general.
Theorem 1.1. Given X a finite proper G-CW-complex, and h∗ a G-equivariant cohomology
theory, there is a cohomological spectral sequence whose E2-page is H
p
G(X;h
q) which converges
to hp+q:
Ep,q2 = H
p
G(X;h
q) =⇒ hp+q(X).
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Proof. As in the classical setting, given a finite proper G-CW-complex X and h∗, a G-
equivariant cohomology theory, consider the groups D =
∏
p,qD
p,q, E =
∏
p,q E
p,q where
Dp,q = hp+q(Xp), Ep,q = hp+q(Xp,Xp−1).
The morphisms obtained from the long exact sequence of the pair (Xp,Xp−1) produces an
exact couple of bigraded abelian groups
D D
E
β
γα
with deg(α) = (0, 0), deg(β) = (−1, 1), deg(γ) = (1, 0). Therefore, there is a spectral sequence
whose first page is Ep,q1 = E
p,q = hp+q(Xp,Xp−1), and which converges to h∗(X).
We simply need to show that Ep,q2 = H
p
G(X;h
q). For a fixed q, this page is the cohomology
of
· · · → hp+q−1(Xp−1,Xp−2)
d
−→ hp+q(Xp,Xp−1)
d
−→ hp+q+1(Xp+1,Xp)→ · · ·
Recall the cellular structure defined by the pushout square, with the maps Qj as attaching
maps. Applying excision and Mayer-Vietoris to the cellular structure of the G-space X, we
get natural isomorphisms hp+q(Xp,Xp−1) ∼=
⊕
j∈Jp h
q(G/Hj). But these are the terms of
the Bredon cochain complex, see Section 1, so the proof will be completed by showing the
commutativity of the diagram
hp+q(Xp,Xp−1) hp+q+1(Xp+1,Xp)
⊕
j∈Jp h
q(G/Hj)
⊕
k∈Jp+1 h
q(G/Hk)
d
∼= ∼=
δ
with δ as in (1.0.1).
To check this fix G/Hk ×Dp+1, an orbit of p+ 1-cells, with k ∈ Jp+1 and G/Hℓ ×Dp an
orbit of p-cells which is in the boundary of the former, with ℓ ∈ Jp. As noted in the previous
section, this implies that Hk ≺ Hℓ and, without losing generality, we assume that Hk ≤ Hℓ.
Consider the following commutative diagram:
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hi+n(
∐
j∈Jn G/Hj × S
n,
∐
j∈Jn G/Hj)
hi+n(
∐
j∈Jn G/Hj ×D
n,
∐
j∈Jn G/Hj × S
n−1)
hi+n(G/Hℓ ×Dn, G/Hℓ × Sn−1)
hi+n(G/Hℓ ×Dn ⊔Gℓn, G/Hℓ × S
n−1 ⊔Gℓn)
hi+n(Xn,Xn−1) hi(Xn, χℓn)
hi+n(Xn) hi+n(G/Hk × Sn) hi+n(G/Hk × Sn, G/Hk)
hi+n+1(Xn+1,Xn) hi+n+1(G/Hk ×Dn+1, G/Hk × Sn) hi+n+1(G/Hk ×Dn+1, G/Hk × Sn)
∼=
∼=
∼=
∼=
∼=
∼=
In this diagram, several facts have to be checked:
• The following notation is used:
Gn =
∏
j∈Jn
G/Hj , G
ℓ
n =
∏
ℓ 6=j∈Jn
G/Hj , χ
ℓ
n = Xn \ int(Qℓ(G/Hℓ ×D
n))
• The upper commutative triangle is given by this commutative diagram:
G/Hℓ ×D
n G/Hℓ ×D
n ⊔Gℓn Gn ×D
n
G/Hℓ × S
n−1 G/Hℓ × S
n−1 ⊔Gℓn Gn × S
n−1
where the first square is clearly a pushout square of G-spaces.
• The next commutative square in the diagram is given by this construction:
Gn × S
n−1 G/Hℓ × S
n−1 ⊔Gℓn
Xn−1 χ
ℓ
n
Gn ×D
n G/Hℓ ×D
n ⊔Gℓn
Xn Xn
where the right and left faces are pushout squares.
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• The middle commutative pentagon comes from this commutative diagram:
Xn−1 χ
ℓ
n
∅ ∅ G/Hk
Xn Xn
Xn G/Hk × S
n G/Hk × S
n
The vertical map G/Hk → G/Hk × Sn comes from the choice of a point in Sn. However
this choice is not free, since we need to send these points to χℓn i.e. the space Xn
without an orbit of cells. It is possible that the image of the attaching map G/Hk → Xn
is completely contained in the interior of Qℓ(G/Hℓ × Dn). However, in this case, the
hypothesis that G/Hℓ × Dn is in the image of the boundary map of the n + 1-cell
G/Hk×D
n+1 doesn’t hold. In other case, a convenient choice of the point in Sn, makes
the diagram well-defined and commutative.
• Finally, the bottom vertical arrows are the connective homomorphism of the long exact
sequence. By the naturality of this map, the bottom squares commutes.
The main diagram gives a map:
ϕℓ,k : hi+n(G/Hℓ×Dn, G/Hℓ×Sn−1)→ hi+n(G/Hk×Sn, G/Hk) ∼= hi+n+1(G/Hk×Dn+1, G/Hk×Sn)
for ℓ ∈ Jn and k ∈ Jn+1 with G/Hℓ ×Dn in the boundary of G/Hk ×Dn+1. Define ϕℓ,k as
the zero map otherwise. By the construction, ϕℓ,k is the image by hi+n(−) of the following
composition:
G/Hℓ × S
n−1 G/Hℓ × S
n−1 ⊔Gℓn χ
ℓ
n G/Hk × S
n
G/Hℓ ×D
n G/Hℓ ×D
n ⊔Gℓn Xn G/Hk
In this diagram, the first and second squares are pushout. Note that this diagram is
analogous to the one consider for cellular cohomology, with the difference of being G-spaces
i.e. in the cohomology, it is the composition of the boundary map associated to the cellular
structure and the map induced by the inclusion of subgroups Hk ≺ Hℓ. This is the same
description given to δ in the reformulation of the Bredon cochain complex. Therefore, the
maps ϕℓ,k generate the connecting homomorphism δ of the Bredon cohomology, i.e. the
following diagram commutes:
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∏
ℓ∈Jn h
i+n(G/Hℓ ×Dn, G/Hℓ × Sn−1)
∏
k∈Jn+1 h
i+n(G/Hk ×Dn, G/Hk × Sn−1)
HomOrF (G)(Cn(X);h
i) HomOrF (G)(Cn+1(X);h
i)
∏
ℓ,k
ϕℓ,k
∼= ∼=
δ
Since each ϕℓ,k commutes with d : hi+n(Xn,Xn−1) → hi+n+1(Xn+1,Xn) and by the
categorical properties of the product, we deduce that the map
∏
ℓ,k ϕℓ,k commutes with d,
proving the commutativity of the initial diagram.
Therefore, computing the E2-page of the spectral sequence is the same that computing
the Bredon cohomology which concludes the proof of the theorem.
2 K- and KO-theory of classifying spaces for proper actions
We begin with the following.
Definition 2.1. [8, Def. 1.8] Let F be a family of subgroups of G which is closed under
conjugation and finite intersections. The classifying G-CW-complex for F or a model for it,
is a G-CW-complex EF (G) whose isotropy groups belong to F and it is universal with that
property. That is, for any G-CW-complex Y whose isotropy groups belong to F there is only
one G-map Y → EF (G) up to G-homotopy.
For a given family F , its classifying space exists and it is characterized by the fact that all
its isotropy subgroups lie in F and, for each H ∈ F , the H-fixed point set is always weakly
contractible [8, Thm. 1.9].
When F is the family of finite subgroups of G denote EF (G) by EG and call it the
classifying G-CW-complex for proper G-actions.
When G is torsion free, EG coincides with EG and in general, EG seems to carry addi-
tional information which cannot be recovered from the classical classifying space.
Using the Atiyah-Hirzebruch spectral sequence as the main tool, we plan to compute the
equivariant K- and KO-theory of EG for some discrete groups G. The relevance of this lies,
for instance, in the Baum-Connes Conjecture [2] which links a certain dual of K∗G(EG) with
the K-theory of the reduced C∗-algebra of G, see also [10] and [8, Sec. 7.1].
2.1 Amalgamated products of finite cyclic groups
Here we prove:
Theorem 2.2. Let G be the amalgamated product Zr1m0∗Zr1Zr1r2m1∗Zr2 · · ·∗ZrkZrkmk for some
positive integer numbers r1, . . . rk,m0,m1, . . . ,mk with mi > 1 for i = 0, . . . , k (otherwise a
factor could be removed from the expression). Then:
K−nG (EG) =
{
Zσ, if n is even,
0, if n is odd,
7
where σ =
∑k
i=0 miri−1ri −
∑k
i=1 ri with r0 = 1 = rk+1.
In the real case, if ri are all odd,
KO−nG (EG) =


Zσ, if n ≡ 0, 4 (mod 8),
(Z2)ω, if n ≡ 1 (mod 8),
(Z2)ω ⊕ Zθ, if n ≡ 2 (mod 8),
Zθ, if n ≡ 6 (mod 8,)
0, if n ≡ 3, 5, 7 (mod 8),
where,
σ =
k∑
i=0
⌊
miriri+1
2
⌋ −
1
2
k∑
i=1
ri +
1
2
k + 1,
ω =
1
2
k∑
i=0
(−1)mi +
k
2
+
3
2
,
θ =
k∑
i=0
⌈
miriri+1
2
⌉ −
1
2
k∑
i=1
ri −
k
2
− 1.
For the proof, some results of Geometric Group Theory (all of which can be found [13])
will be used, specially the Bass-Serre theory.
In a given graphX consider the canonical metric in which each edge is isometric to the unit
interval and the distance between two vertices is equal to the length of the geodesic between
them, i.e, the path of minimal length. With the metric topology, graphs are CW -complexes
of dimension 1. A given graph is a tree if there is only one geodesic between two given nodes;
in that situation, the geodesic are just paths without backtracking1. A group is said to act
without inversions in a given graph X if no edge of it is reversed by G. An element of the
group g ∈ G is called hyperbolic if g has no fixed points, i.e. Xg = ∅.
Lemma 2.3. Let G be acting on a tree X and let s ∈ G be non-hyperbolic. Then Xs is a
subtree.
Proof. Note that any connected subgraph of a tree is again a tree. Let p, q be two vertices in
Xs and let γ be a geodesic in X joining them, i.e., γ is a path without backtracking. Thus
s · γ is again a path without backtracking, joining s · p = p and s · q = q. Therefore s · γ = γ,
and all the vertices and edges which constitute γ are in Xs. Hence, Xs is connected and it is
a subtree of X.
Corollary 2.4. If S is a subset of G for which XS 6= ∅, then XS is a subtree.
Proof. Consider two points p, q ∈ XS =
⋂
s∈S X
s, then, by Proposition 2.3, any geodesic
joining the vertices p and q in XS =
⋂
s∈S X
s belongs to Xs for all s ∈ S. Therefore, XS is
connected and it is a subtree.
Proposition 2.5. Suppose that G acts on a tree X without inversions and the isotropy group
of any vertex is finite. Then X is a model for EG.
1 A path is said to backtrack if the same geometric edge appears twice consecutively in the sequence of
edges that defines the path.
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Proof. In view of Definition 2.1 we check that the isotropy groups are finite and that XH is
weakly contractible for every subgroup H of G.
By hypothesis, Gv is finite for all vertex v ∈ V , so Gv ∈ F . Let x be a point in a edge e.
Since G acts without inversions, x is fixed by an element of G if and only if e is fixed. In this
situation, we have Ge = Gp ∩Gq and, in particular, Ge is finite.
On the other hand, given a finite subgroup H < G, by Corollary 2.4, XH is either empty
or a subtree. We see that the first case is not possible.
Observe that there is no hyperbolic element in H (otherwise, if h ∈ H hyperbolic and
x ∈ X a vertex not fixed by h, then hn · x would be an infinite path; in particular hn 6= 1 for
all n and H is not finite). This means that Xh 6= ∅ for all h ∈ H. Suppose that there are
g, h ∈ H such that Xg ∩ Xh = ∅. Then, let p, q be the vertices in Xg and Xh respectively
such that d(p, q) = d(Xg,Xh) = ℓ and γ the geodesic joining them.
In such situation, is not difficult to check that d(p, h · p) = 2ℓ and γ ∗ (h · γ)−1 is the
geodesic joining them. Now, if we apply g, the closest point to gh · p belonging to Xg is p, so
d(p, gh · p) = 4ℓ and the geodesic from h · p to gh · p is h · γ ∗ γ−1 ∗ g · γ ∗ (gh · p)−1. Now the
distance to Xh is d(gh · p,Xh) = d(gh · p, q) = 3ℓ.
It is clear that applying successively the powers (gh)n to p, the length d((gh)n ·p, p) is not
bounded, and, in particular, 〈gh〉 is an infinite subgroup of H, which is a contradiction.
Therefore, any pairs of elements inH must have non-empty intersection of their fixed point
sets. Now consider three elements of H and the subtrees Xh1 , Xh2 and Xh3 ; their pairwise
intersections are non-empty. Suppose that the triple intersection is empty, then Xh1 ∩Xh2
and Xh1 ∩ Xh3 are disjoint subtrees of Xh1, so we can find a path γ1 from a vertex of the
first one to a vertex of the second one which is contained in Xh1 and such that there is a
point of γ1 contained only in Xh1 . Changing the indices ,we get paths γ2 and γ3, such that,
when they are juxtaposed, they form a loop in the tree, which is a contradiction. The triple
intersections are non-empty and we can proceed inductively.
Therefore, for H finite, XH is not empty. Hence, it is a subtree, which is clearly con-
tractible, in particular, weakly contractible.
Proof of Theorem 2.2. We first find a tree in which the group G = Zr1m0 ∗Zr1 Zr1r2m1 ∗Zr2
· · · ∗Zrk Zrkmk acts without inversion and with finite isotropy groups at vertices. For it, we
follow the algorithm given in the fundamental theorem of the Bass-Serre theory (see [13]).
We include it here for completeness:
Start by a vertex p0 which is going to be of ‘type 0’ which has m0 edges adjacent to it. At
the end of these edges there are vertices of ‘type 1’. Let p1 one of these vertices and construct
2m1 edges adjacent to it (including the one which joins it with p0). Alternatively put vertices
of ‘type 0’ and ‘type 2’ at the end of these edges. Call one of the vertices of ‘type 2’ as p2 and
keep doing the same construction. At the end we will get a tree X such that the action of the
generators of G is given by a rotation over pi. The quotient graph is a path which connects
p0, p1, . . . , pk. See the figure 1 for an example of this construction.
By Proposition 2.5, such tree X is precisely a model for EG. Observe that the isotropy
group of any vertex is one of the cyclic groups Zmi , depending on the vertex type.
On the one hand, since K1G is zero in the orbits, H
∗
G(X;K
1
G) = 0. On the other hand,
K0G(G/H) ∼= R(H) with R(H) the representation ring
2 of the finite subgroup H. In the case
2The multiplicative structure is not being taken into account, so consider R(H) as a free abelian group.
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α β γ
Figure 1: Example of a tree where G = Z4 ∗ Z3 ∗ Z2 = 〈α, β, γ | α4 = β3 = γ2 = e〉 acts
without inversions. The vertices of type 0, 1 or 2 are represented by the colors red, white and
black respectively.
of cyclic groups (see [12]),
R(Zm) = Zm
and, if i : Zr →֒ Zmr is the inclusion,
R(i) = ϕm,r : Zmr → Zr, (a1, . . . , amr) 7→
(
m−1∑
i=0
air+1,
m−1∑
i=0
air+2, . . . ,
m−1∑
i=0
air+r
)
.
Then, the Bredon cohomology is given by the following cochain complex,
0→ Zm0r1 ⊕ Zm1r0r1 · · · ⊕ Zmkrk δ−→ Zr1 ⊕ · · · ⊕ Zrk → 0
where (u0, . . . , uk) ∈ Zm0r1 ⊕ · · · ⊕ Zmkrk is mapped by δ to(
ϕm0,r1(a0)− ϕm1r2,r1(a1), ϕm1r1,r2(a2)− ϕm2r3,r2(a3), ..., ϕmk−1rk−1,rk(ak−1)− ϕmk ,rk(ak)
)
in Zr1 ⊕ · · · ⊕ Zrk .
Note that all maps ϕ•,• are surjective. Therefore, δ is surjective in the first term of the
image, Zr1. Successively, any element of any term can be proved to be targeted by δ, which
implies that δ is itself surjective. Therefore, H0G(X;K
0
G) = Z
σ where σ =
∑k
i=0 miri−1ri −∑k
i=1 ri with r0 = 1 = rk+1.
Hence, the Atiyah-Hirzebruch spectral sequence of Theorem 1.1 trivially collapses at the
second page Ep,q2 = H
p
G(X;K
q
G) and the first statement is proved.
In a similar way, we compute the equivariant KO-theory. Recall from the remark in p.
133 of [11] that for a trivial G-space X,
KO0G(X) ∼= (KO
0(X)⊗R(G;R)) ⊕ (K0(X)⊗R(G;C)) ⊕ (KH0(X)⊗R(G;H)) (2.1.1)
where KH is the quaternionic K-theory explicitly computed in Sec. 9 of [6]. Note that the
groups R(G;K) can be obtained as follows: RO(G) is the free abelian group generated by the
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simple real G-modules. Given such a simple representation M , compute its endomorphism
field, DM = End(M), then we have DM = R,C or H. Finally, R(G;K) is the free group
generated by simple real G-modules with endomorphism field DM = K.
By definition, KO−n
Zs
(pt) = ker(KO0Zs(S
n) → KO0Zs(pt)). The KO-theory of an sphere
is well-known. On the other hand, Zs has s irreducible real representations [12]. The trivial
representation has R as endomorphism field; also the sign representation does if s is even.
Any other representation has C as endomorphism field. Using all these facts, the computation
of KO−n
Zs
(pt) is immediate and it is expressed in the following table:
n 0 1 2 3 4 5 6 7
KO−n
Zs
(pt) Z⌊
s
2
⌋+1 (Z2)
3+(−1)s
2 (Z2)
3+(−1)s
2 ⊕ Z⌈
s
2
⌉−1 0 Z⌊
s
2
⌋+1 0 Z⌈
s
2
⌉−1 0
Furthermore, it can be checked that all representations in the image of i∗, induced by the
inclusions i : Zr →֒ Zmr, are targeted, with the possible exception of the sign representation.
If we impose r to be odd, there is no such sign representation in KO−n
Zs
(pt), and the induced
map i∗ is always surjective. This implies that, when the Bredon cohomology is computed, the
degree 1 cohomology is annihilated, and the degree 0 cohomology is just the the kernel of the
boundary map δ.
In this situation, the E2-page of the spectral sequence has only one non-trivial column, so
it collapses giving the stated result.
2.2 Right-angled Coxeter Groups
A group W is called a Coxeter group [4] if it admits a presentation of the form,
W = 〈S | (sisj)mij for all si, sj ∈ S〉
for some finite set S and where M = (mij)ij is a symmetric matrix with mij ∈ {2, 3, . . .∞}
and with 1 in the diagonal entries. If the non-diagonal entries of M are 2 or ∞, the group
is called a right-angled Coxeter group. A subset J of S is called spherical if the subgroup
WJ = 〈J〉 ≤W is finite. In this case, the subgroup WJ is called spherical.
In Lemma 5.4 and Theorem 5.5 of [7] is proved that, for all right-angled Coxeter group
W , HnW (X;K
0
W ) = 0 for all n > 0 and H
0
W (X;K
0
W ) = Z
d, where X is a model for EW and
d is the number of spherical subgroups of W . Moreover, K1W (EW ) = 0 and K
0
W (EW ) ∼= Z
d.
We first extend this computation to equivariant KO-theory:
Theorem 2.6. Let W be a right-angled Coxeter group with d spherical subgroups. Then:
KO−nW (EW ) =


Zd, for n ≡ 0, 4 (mod 8),
(Z2)d, for n ≡ 1, 2 (mod 8),
0, for n ≡ 3, 5, 6, 7 (mod 8).
Proof. Recall that any finite subgroup of an right-angled Coxeter group is isomorphic to (Z2)k
for some k. Using the formula R(G1 × G2) = R(G1) ⊗ R(G2) (see section 3.2 of [12]), we
get R((Z2)k) ∼= Z2
k ∼= RO((Z2)k). The crucial fact that simplifies the computation is that
11
the endomorphism field of any irreducible real representation of (Z2)k is R, so using formula
(2.1.1) for G = (Z2)k we obtain that
KO−nG (pt)
∼= Z2
k
for n ≡ 0, 4 (mod 8) and
KO−nG (pt)
∼= Z2
k
⊗ Z2
for n ≡ 1, 2 (mod 8).
For n ≡ 0, 4 (mod 8), the Bredon cochain complex of a model X for EW with coefficients
in KO−nW is equivalent to the one obtained with coefficients in K
0
W . From the results recalled
above, we get that H0W (X;KO
−n
W )
∼= Zd and zero in other degrees. On the other hand, for
n ≡ 1, 2 (mod 8), if the Bredon cochain complex with coefficient in K0W is:
0→ Zm0 δ0−→ Zm1 δ1−→ Zm2 → · · ·
then, tensoring by Z2, we get the Bredon cochain complex with coefficient in KO−nW :
0→ Zm0 ⊗ Z2
δ0⊗Z2−−−−→ Zm1 ⊗ Z2
δ1⊗Z2−−−−→ Zm2 ⊗ Z2 → · · ·
The computation of the cohomology of this cochain can be easily done using the Universal
Coefficient Theorem. Firstly, we can transform this cochain complex into a chain complex
C• just inverting the indices, i.e C−n = HomOrF (W )(Cn(X);KO
q
W ) for n ≥ 0 and Cn = 0
for n > 0. Of course, the homology of this chain complex in degree −n is the same that the
Bredon cohomology in degree n. And, if we tensor by Z2, the homology of C•⊗Z2 is the same
that the Bredon cohomology with coefficients in KO−1W or KO
−2
W . The Universal Coefficient
Theorem relates these two homology groups:
0→ Hn(C•)⊗ Z2 → Hn(C• ⊗ Z2)→ Tor(Hn−1(C•),Z2)→ 0
is an exact sequence. Since all the Bredon cohomology groups computed above are torsion-
free, the last term in the sequence is zero and we deduce that:
HnW (X;KO
−1
W )
∼= HnW (X;KO
−2
W )
∼= HnW (X;K
0
W )⊗ Z2
Note that, in any case, there is only one non-trivial column in the E2-page of the Atiyah-
Hirzebruch spectral sequence which trivially collapses and hence, the proof is complete.
2.3 Non-right-angled Coxeter Groups
Dealing with these groups is considerably more difficult than in the right-angled case. Never-
theless, we compute the K- and KO-theory of EW for certain non right-angled groups. For
a fixed n, let W be the Coxeter group associated to the Coxeter matrix M of size n+1 given
by:
M =


2 3 ∞
3 2 3 ∞ ∞
∞ 3 2 3 ∞
. . . . . . . . . . . . . . .
∞ 3 2 3 ∞
∞ ∞ 3 2 3
∞ 3 2


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Equivalently, this group can be given by its Coxeter-Dynkin diagram, where consecutive
nodes are connected by an edge with a label 3 and non-consecutive nodes are connected by
an edge with label ∞.
. . .
∞
∞
∞
s0 s1 s2 sn
3 3
Theorem 2.7.
KnW (EW ) =
{
Zn+2, n even,
0, n odd,
KO−nW (EW ) =


Zn+2, n ≡ 0, 4(mod 8),
(Z2)n+2, n ≡ 1, 2(mod 8),
0, n ≡ 3, 5, 6, 7(mod 8).
For the proof we use the Bestvina complex in [10] which provides a particular model for
EW for any general Coxeter group.
Definition 2.8. A simple complex of finite groups G(Q) over a finite poset Q is a functor P ,
from the category associated to the poset Q to the category of finite groups, such that the
non-identity morphisms are sent to injective non-surjective homomorphism.
For such simple complex of groups, the fundamental group is the direct limit of this functor:
Ĝ(Q) = lim
−→
J∈Q
P (J)
In the specific case of a Coxeter system (W,S), we can associate the following simple
complex of finite groups over the poset Q of spherical subsets: for J ⊂ S, take P (J) = 〈J〉 ⊂
W and the inclusions of subsets I ⊂ J ⊂ S induce inclusions of subgroups P (I) = 〈I〉 →֒
〈J〉 = P (J). It is clear that the fundamental group is equal to W .
Definition 2.9. A panel complex over a finite poset Q is a compact polyhedron X with
a family of subpolyhedrons {XJ}J∈Q called panels such that X is the union of the panels,
XI ⊂ XJ if J ≤ I ∈ Q and the intersection of panels is empty or a union of panels.
In [10] two different kind of panel complexes are presented. Both are valid for the con-
struction of a model for EW , but the Bestvina complex gives a simpler model, in a geometric
sense.
Definition 2.10. Given a finite poset Q, the Bestvina complex B is constructed by defining,
for each maximal element J of Q, BJ to be a point. The following BJ are constructed
successively by defining BJ as a compact contractible polyhedron containing
⋃
I>J BI of the
smallest possible dimension.
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Definition 2.11. Given a finite poset Q, a panel complex (X, {XJ}J∈Q) over Q and a simple
complex of finite of groups G(Q) over Q with fundamental group G, the basic construction is
the space
D(X,G(Q)) = (G×X)/ ∼
with the equivalence relation (g1, x) ∼ (g2, x) for all x ∈ X and for g1, g2 ∈ G such that
g−11 g2 belongs to P (J(x)), where XJ(x) is the intersection of all the panels containing x (which
is again a panel by the definition of panel complex).
The following theorem establishes that this basic construction is a model for EW . It can
be obtained as a corollary of the Theorem 5.2 of [10].
Theorem 2.12. Let (W,S) be a Coxeter system, with Q the poset of spherical groups, G(Q)
the simple complex of finite groups defined above for such poset and B the Bestvina complex
over Q. Then D(B,G(Q)) is a model for EW . 
Proof of Theorem 2.7. Since in a Coxeter group the formula ord(sisj) = mij holds [3], the
only spherical subsets in S are {si} for i = 0, . . . , n and {si, si+1} for i = 0, . . . , n− 1. Hence,
the spherical subgroups are 〈∅〉 = {e}, 〈si〉 = Z2 and 〈si, si+1〉 = A2 ∼= S3. Thus, the Bestvina
complex B is a path of n vertices:
. . .
p0 = B{s0,s1} p1 = B{s1,s2} p2 = B{s2,s3} pn−1 = B{sn−1,sn}
ε1 = B{s1} ε2 = B{s2}
Figure 2: Bestvina complex associated to the group W .
By Theorem 2.12 the model D(B,G(Q)) = X for EW and its Bredon cohomology (with
coefficient system K0W ) is given by the following cochain complex:
0→
n−1⊕
i=0
R(S3)
δ
−→
n−1⊕
i=1
R(Z2)→ 0
Using [12] as reference, it can be checked that R(S3) = Z3 and the inclusion Z2 ∼= 〈si〉 →
〈s1, s2〉 ∼= S3, for i = 1, 2 is sent to f : Z3 ∼= R(S3) → Z2 ∼= R(Z2), (a, b, c) 7→ (a + c, b + c).
Then,
δ : (Z3)n → (Z2)n−1, (x1, . . . , xn) 7→ (f(x2)− f(x1), f(x3)− f(x2), . . . , f(xn)− f(xn−1))
Since the map f is surjective, inductively, the map δ can be proved to be surjective, which
implies that the only non-zero Bredon cohomology group is H0W (EW ;K
0
W ) = Z
n+2 which
proves the first statement.
For the equivariant KO-theory observe that, since the endormorphism field of all the real
irreducible representation of S3 is R, the situation is analogous to the case of right-angled
Coxeter groups: for i = 1 or i = 2, HnW (EW ;KO
−i
W )
∼= HnW (EW ;K
0
W )⊗ Z2, and for i = 0 or
i = 4, HnW (EW ;KO
−i
W )
∼= HnW (EW ;K
0
W ). From this the result follows.
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In our last result we see that, if the Coxeter matrix is slightly perturbed, the K- and
KO-theory drastically change. Consider W the Coxeter group with the same matrix M as
before except that m0,n = 3 instead of ∞. Equivalently, in the Coxeter-Dynkin diagram, join
the initial and the ending nodes by an edge with label 3. Then,
Theorem 2.13.
KnW (EW ) =
{
Zn+3, n even,
Z, n odd,
KO−nW (EW ) =


Z2 ⊕ Z
n+3, n ≡ 0(mod 8),
A, n ≡ 1(mod 8),
(Z2)n+3, n ≡ 2(mod 8),
Z2, n ≡ 3(mod 8),
Zn+3, n ≡ 4(mod 8),
0, n ≡ 5, 6(mod 8),
Z2, n ≡ 7(mod 8),
where A is an extension of Z2 by (Z2)n+3.
Proof. In this case a new spherical subset, {s0, sn}, has appeared and the resulting Bestvina
complex is a polygon of n+ 1 sides.
B{s0,s1} B{s1,s2}
B{s4,s5} B{s3,s4}
B{s2,s3}B{s5,s0}
B{s0} B{s2}
B{s5} B{s3}
B{s1}
B{s4}
B∅
Figure 3: Bestvina complex B for the non-right-angled Coxeter group W for n = 5.
Analogously to the previous example, the basic construction gives a model for EW , and
its Bredon cohomology is given by:
(Z3)n+1 δ0−→ (Z2)n+1 δ1−→ Z
where δ1 is clearly surjective and δ0 is obtained from the transpose of the boundary map
∂ : Zn+1 → Zn+1, given by the following matrix

1 −1 0
0 1 −1 0
0 1 −1 0
. . . . . . . . . . . .
0 1 −1 0
0 0 1 −1
−1 0 0 1


15
and substituting the numbers ±1 by the function ±f defined above. The image of ∂ is the
subgroup H = {(x0, . . . , xn) ∈ Zn+1 | x0 + x1 + · · ·+ xn = 0} ⊂ Zn+1 and, since the map f is
surjective, the image of δ0 is isomorphic to Z2n. Therefore, the non-trivial Bredon cohomology
groups are
H0W (EW ;K
0
W ) = Z
n+3, H1W (EW ;K
0
W ) = Z
Now, the spectral sequence have two non-trivial columns but all differential have to be
trivial and the first statement follows.
Finally, for the equivariant KO-theory, recall that the endomorphism field is R for all the
real irreducible representation of these spherical subgroups. Hence, the Bredon cohomology
with coefficient system KO−iW can be easily computed used the information above and the
Universal Coefficient Theorem:
i 0 1 2 3 4 5 6 7
H0W (EW ;KO
−i
W ) Z
n+3 (Z2)n+3 (Z2)n+3 0 Zn+3 0 0 0
H1W (EW ;KO
−i
W ) Z Z2 Z2 0 Z 0 0 0
The E2-page of the Atiyah-Hirzebruch spectral sequence is represented in the figure 4.
Note that there are not non-trivial differentials, so the spectral sequence trivially collapses
and there is an extension problem in degree -1.
4
3
2
1
0
−1
−2
−3
−4
Zn+3
Zn+3
(Z2)n+3
(Z2)n+3
Zn+3
•
•
•
•
•
Z2
Z2
Z2
Z2
Z2
•
•
•
•
•
1
q
p
Figure 4: First page of the spectral sequence, Ep,q2 = H
p
W (EW ;KO
q
W ).
As explained in the introduction, this method can be applied to any Coxeter Group.
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For example, a similar computation for the infinite Coxeter Group W = A˜3, gives as result
KevenW (EW ) = Z
9 and KoddW (EW ) = Z
2; for the group W = D˜4, we get KevenW (EW ) = Z
33
and KoddW (EW ) = 0. However, the models of such groups are more complicated (of dimension
3 and 4, respectively) and the use of computers is necessary. When more complicated groups
are considered (except in the case of having enough exponents mij = ∞ as in the examples
considered above), the complexity of the models increases substantially, making the algorithm
inefficient. Furthermore, in the examples below, extension problems associated to the spectral
sequence have rarely appeared; when the dimension of the models grows, there are more non-
trivial columns in the spectral sequence, and the extensions problems will be usual.
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